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We study the transport in a Luttinger liquid oupled to a magneti hain ontaining a Bloh
domain wall. We ompute the leading orretion to the adiabati limit of a long domain wall,
whih auses no sattering. We show that the problem is reminisent of an impurity in a Luttinger
liquid, but with a dierent dependene on the interation parameters due to spin-ip sattering. For
repulsive interations, we nd that the domain wall resistane diverges with dereasing temperature.
This may be relevant for the design of one-dimensional systems with large magnetoresistane at low
temperatures.
PACS numbers: 75.47.Jn, 85.75.-d, 73.63.Nm
The large magnetoresistane assoiated with the
nuleation of domain walls in magneti wires and
nanoontats
1,2,3,4,5,6,7
has potential appliations in the
design of high-density magneti memories and sensors.
The negative magnetoresistane observed in these sys-
tems was originally explained by the mistraking of ar-
rier spins when the loal magnetization rotates in a
distane omparable to the Fermi wavelength.
8
Stritly
speaking, none of the available experiments has reahed
the extreme one-dimensional (1D) limit. It would be in-
teresting to look for eets spei to 1D systems, whose
transport properties are unique. These systems fall into
the universality lass of Luttinger Liquids (LL), whih
are distinguished by the absene of stable quasi-partile
exitations.
9
A lear signature of a LL is a power-law
dependene of the ondutane through a non-magneti
impurity.
10,11,12
At T = 0, a vanishingly small barrier is
able to produe perfet reetion if the arriers interat
repulsively.
The eet of non-magneti impurities suggests a simi-
lar phenomenon in the ase of a magneti inhomogeneity.
In this artile we show that a magneti domain wall be-
haves as a spin-ip impurity in a LL. We analyze the
baksattering term of the domain wall in the limit of
weak sattering. It is governed by an anomalous dimen-
sion given primarily by
(
Kc +K
−1
s
)
/2, where Kc and
Ks are the LL interation parameters. There is also a
orretion due to the asymmetry between up and down
spin eletrons introdued by the exhange eld. In the
ase of loal repulsive interations, this should lead to
an anomalously large and temperature-dependent mag-
netoresistane in one-dimensional systems.
We onsider interating eletrons oupled to a mag-
neti domain wall as desribed by the Hamiltonian
H =
∑
kσ
ǫkc
†
kσckσ − JK
∑
j
Sj · sj +Hint, (1)
where ckσ destroys a ondution eletron with momen-
tum k and spin projetion σ, ǫk = k
2/2m for quadrati
dispersion, JK is the Kondo oupling onstant between
ondution eletrons and loalized spins Sj , and sj =
1
2
∑
αβ c
†
jασαβcjβ is the ondution eletron spin den-
sity at site j. We assume a stati, pinned magneti do-
main wall desribed in the ontinuum limit by setting
S (x) = S cos θ (x) zˆ + S sin θ (x) yˆ. For a Bloh domain
wall, we take cos θ (x) = − tanh (x/λ), with λ being the
wall width. The term Hint aounts for eletron-eletron
interations. In a uniformly magnetized system, the spin
polarization gives rise to dierent interation onstants
g↑ and g↓ between eletrons with the same spin and g⊥
between eletrons with opposite spins, due to the absene
of SU(2) symmetry.13 In a system ontaining a domain
wall, the loal magnetization ats as an eetive mag-
neti eld on the ondution eletrons. The rst order
approah is to assume that the interation onstants are
dierent for the spin densities in the diretion xed by
the spin bakground
Hint =
∫
dx
{g↑
2
ρ2∧ +
g↓
2
ρ2∨ + g⊥ρ∧ρ∨
}
,
where
ρ∧,∨ (x) = ψ
† (x)
1± σ · e (x)
2
ψ (x) ,
and e (x) = cos θ (x) zˆ + sin θ (x) yˆ. This expression
should be exat in the limit of long domain walls. For
low polarizations (JK → 0), we reover spin degen-
eray and all the interation onstants must be equal
(g↑ = g↓ = g⊥).
It is now onvenient to perform a spin gauge transfor-
mation that aligns the spin of the ondution eletrons
with the loal magnetization.
2
This amounts to rotating
the spin density operator s (x) by the angle θ (x) around
the x axis, whih is aomplished by the operator
U = exp
{
i
2
∫
dx θ (x)
(
ψ†↓ψ↑ + ψ
†
↑ψ↓
)}
,
where ψσ (x) is the eld operator for ondution ele-
trons. The rotation of H through U yields
H˜ = U †HU =
∑
kσ
ǫkσc
†
kσckσ + H˜int +Hw. (2)
Here, ǫkσ = ǫk − σJKS/2 expresses the fat that the
eetive magneti eld of the loal moments breaks the
2spin degeneray of the eletron gas. H˜int is obtained from
Hint by hanging ρ∧,∨ → ρ↑,↓. The transformation also
makes expliit the sattering term due to the presene of
the domain wall
Hw = − i
4m
∫
dx ∂xθ ψ
†σx∂xψ +H.c.+O
(
λ−2
)
, (3)
where we intend to arry out the alulations to leading
order in 1/λ. This orresponds to the rst orretion
to the adiabati limit of a very long domain wall, whih
produes no sattering.
We now fous on the long-wavelength limit of the on-
dution eletrons. In this limit, we an linearize the dis-
persion around the Fermi points. Sine eah of the two
spin branhes has a dierent Fermi wave vetor kFσ, we
must have two Fermi veloities vFσ = vF (1 + σζ), with
vF the mean Fermi veloity and ζ the veloity mismath
ζ =
vF↑ − vF↓
vF↑ + vF↓
.
The linearized dispersion for spin σ reads ǫkσ =
vFσ (k ∓ kFσ), where the minus (plus) sign applies to
right (left) moving eletrons. The eld operator ψσ then
naturally separates into right and left parts
ψσ (x) = e
ikFσxψ+,σ (x) + e
−ikFσxψ−,σ (x) .
Bosonization enables one to build an eetive the-
ory by mapping the fermioni operators into assoiated
bosoni elds.
9
In terms of these elds, the eld operators
are given by
ψr,σ (x) =
1√
2πα
exp
{−i√π [θσ (x)− rφσ (x)]} , (4)
where α−1 is a momentum uto and φσ and θσ are
dual elds satisfying [φσ (x) , ∂xθσ (x
′)] = iδ (x− x′).
We further dene the harge and spin bosons φc,s =
(φ↑ ± φ↓) /
√
2. Upon bosonizing the free part of the
Hamiltonian (2), we get the LL Hamiltonian
9
HLL =
∑
ν=c,s
vν
2
∫
dx
{
Kν (∂xθν)
2
+
1
Kν
(∂xφν)
2
}
+
∫
dx {ζv1∂xθc∂xθs + ζv2∂xφc∂xφs} , (5)
where
v1 = vF +
g4↑ − g4↓ + g2↑ − g2↓
2πζ
,
v2 = vF +
g4↑ − g4↓ − g2↑ + g2↓
2πζ
,
where g2σ and g4σ are the interation onstants between
eletrons in dierent branhes and in the same branh, re-
spetively. For not very large ζ, we will take gi↑−gi↓ ∝ ζ
(i = 2, 4)13 so that v1,2 are approximately independent
of ζ. It is lear from Eq. (5) that the spin bakground in-
trodues sattering between harge and spin exitations,
whih are no longer the normal modes of system.
The bosonized form of the sattering terms Hw an be
obtained easily by using the relation (4). We retain only
the baksattering term, whih satters eletrons from
right to left moving states (and vie-versa) and is impor-
tant for the departure from perfet ondutane.
10,11,12
It an be written in terms of harge and spin elds as
H(b)w =
ζkFA2kF
mπα
sin
[√
2πθs (0)
]
sin
[√
2πφc (0)
]
, (6)
where kF = (kF↑ + kF↓) /2 and Aq =
∫
dx e−iqx∂xθ (x) is
real for symmetri walls. We note that the 2kF -mode of
the domain wall anels the osillation of the baksatter-
ing term. Moreover, the sattering amplitude inreases
with growing ζ and thinner walls.
The free Hamiltonian HLL as given by (5) is not in di-
agonal form. However, it is still quadrati in the bosoni
elds and an be diagonalized by means of a anonial
transformation to new elds θ′c,s and φ
′
c,s. We dene the
bosoni eld vetors
θ =
(
θc
θs
)
, φ =
(
φc
φs
)
,
so that HLL an be rewritten as
HLL =
1
2
∫
dx {∂xθA∂xθ + ∂xφB∂xφ} ,
where we have introdued the matries
A =
(
vcKc ζv1
ζv1 vsKs
)
, B =
(
vc/Kc ζv2
ζv2 vs/Ks
)
.
Our aim is to diagonalize A and B simultaneously. In
order for the LL to be stable, the orresponding eigen-
values (the veloities of the natural exitations) must be
positive; this limits the validity of our solution to the
interval
ζ2v21
vcvs
< KcKs <
vcvs
ζ2v22
. (7)
Outside this interval, the polarization is large enough to
make one of the veloities vanish and the spinon-like ex-
itation beomes gapped. We start the diagonalization
by rotating A and B through an angle ϕ, as expressed
by the matrix
R =
(
cosϕ sinϕ
− sinϕ cosϕ
)
.
We hoose the angle ϕ in suh a way that, applying next
the resaling
Λ =
( √
κ 0
0
√
µ
)
,
we shall have Λ−1RtARΛ−1 = ΛRtBRΛ. This ondition
requires
3κ =
√
vcKc cos2 ϕ− ζv1 sin 2ϕ+ vsKs sin2 ϕ
vc
Kc
cos2 ϕ− ζv2 sin 2ϕ+ vsKs sin
2 ϕ
,(8a)
µ =
√
vsKs cos2 ϕ+ ζv1 sin 2ϕ+ vcKc sin
2 ϕ
vs
Ks
cos2 ϕ+ ζv2 sin 2ϕ+
vc
Kc
sin2 ϕ
,(8b)
κµ =
2ζv1 cos 2ϕ+ (vcKc − vsKs) sin 2ϕ
2ζv2 cos 2ϕ+
(
vc
Kc
− vs
Ks
)
sin 2ϕ
. (8)
The restrition (7) assures that κ and µ are both real.
We then determine ϕ in the interval [−π/4, π/4] for ar-
bitrary ζ by imposing that the three expressions (8) are
solved simultaneously. Being equal, the two transformed
matries an be made diagonal by performing a seond
rotation S. As a result, the Hamiltonian (5) assumes the
form
HLL =
∑
ν=c,s
v′ν
2
∫
dx
{
(∂xθ
′
ν)
2
+ (∂xφ
′
ν)
2
}
, (9)
where v′c,s are the eigenvalues of the nal matrix. The
original bosoni eld vetors are written in terms of the
new ones as
θ = T θθ′ φ = T φφ′,
where T θ = RΛ−1S and T φ = RΛS =
[(
T θ
)−1]t
.
In order to analyze the eet of the baksattering term
(6), we work out an eetive ation for the free Hamil-
tonian that depends only on the elds at the origin.
10
In
terms of the new bosoni elds, we have
H(b)w = γ sin
[√
2π
(
T θ21θ
′
c (0) + T
θ
22θ
′
s (0)
)]×
× sin
[√
2π
(
T φ11φ
′
c (0) + T
φ
12φ
′
s (0)
)]
,
where γ = ζkFA2kF /mπα. Thus, the eetive ation
must depend on both onjugate elds. We start with the
free partition funtion in imaginary time
Z0 =
∫ ∏
ν
Dφ′νDθ
′
ν ×
× exp
{∫
dxdτ [i∂τφ
′
ν ∂xθ
′
ν −H (φ′ν , θ′ν)]
}
,
where H (φ′ν , θ′ν) is the Hamiltonian density in (9). Then
we integrate out the degrees of freedom for x 6= 0 and
nd the eetive ation
Seff0 [φ0, θ0] =
1
β
∑
ν,n
|ωn|φ′0ν (ωn)φ′0ν (−ωn) +
+
1
β
∑
ν,n
|ωn| θ′0ν (ωn) θ′0ν (−ωn) ,
where ωn are bosoni Matsubara frequenies. A renor-
malization group analysis gives the ow of the oupling
onstant γ at low energies (ℓ→∞)10,11,12
dγ
dℓ
= (1−D) γ
where D is the dimension of the baksattering operator,
given by
D =
1
2
[(
T θ21
)2
+
(
T θ22
)2
+
(
T φ11
)2
+
(
T φ12
)2]
. (10)
We would like to express D in terms of the LL param-
eters. Remarkably, it does not depend on the matrix S
and redues to
D =
1
2
[
κ cos 2ϕ+
1
κ
sin 2ϕ+
1
µ
cos 2ϕ+ µ sin 2ϕ
]
.
For small ζ, we get
D =
1
2
(
Kc +
1
Ks
)
+
(KcKsv2 − v1)
[
KcKs (KcKsv2 + v1) v
2
s + 2
(
K2cK
2
sv2 − v1
)
vcvs − (KcKsv2 + v1)v2c
]
ζ2
4KcK2svcvs (vc + vs)
2 . (11)
For non-magneti impurities, Dimp = (Kc +Ks) /2,
whih is dierent from the ζ → 0 limit of our result.
This should be attributed to the spin-ip sattering ex-
pliit in the form (3), in ontrast with the harge-only
sattering by a non-magneti impurity.
The possible phases an be obtained similarly to
Refs. 10,11,12. We rst fous on the ζ → 0 ase. For
D > 1 or Kc + K
−1
s > 2, the sattering is irrelevant
and the xed point is a LL with perfet transmission of
harge and spin. For D < 1 or Kc +K
−1
s < 2, whih is
favored for inreasingly repulsive interations (dereas-
ing Kc), the sattering is relevant and the system ows
to the strong oupling limit. This limit orresponds to
two semi-innite LLs with spins polarized in opposite di-
retions and oupled through a small hopping term that
ips the eletron spin in the tunneling proess. This term
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Figure 1: Phase diagram for a Luttinger Liquid oupled to
a magneti domain wall. The baksattering term H
(b)
w is
marginal on the straight line in the limit ζ → 0, and on the
dashed one for ζ = 0.4 (with all veloities equal). The dot-
ted line orresponds to the lower bound of stability of the
Luttinger Liquid aording to equation (7).
has been analyzed in the ontext of a magneti impurity
in a LL
14
, where the hopping is found to be irrelevant
for repulsive interations. As a result, the xed point is
a spin-harge insulator at T = 0. The straight line in
Fig. 1 represents the marginal line D = 1 in the limit
ζ → 0.
The orretion for nite ζ vanishes when KcKs =
v1/v2. Atually, this anellation happens to all orders
in ζ beause the equations (8) are always satised for
ϕ = 0, κ = Kc and µ = Ks = v1/v2Kc. Consequently,
the ondition KcKs = v1/v2 denes a line in param-
eter spae where the dimension of the sattering term
is ζ-invariant. In partiular, the non-interating point
Kc = Ks = 1 (and v1 = v2 = vF ) is always marginal. For
KcKs 6= v1/v2, the dimension varies with ζ. The dashed
line in Fig. 1 shows how the marginal line is modied for
ζ = 0.4 and vc = vs = v1 = v2 = vF .
The dimensionD manifests itself in the exponent of the
frequeny-dependent domain wall resistane. The resis-
tivity assoiated with the baksattering o the wall at
low frequenies is ρ (ω) ∝ ω2(D−1). Likewise, the nite-
temperature resistane turns out to be ρ (T ) ∝ T 2(D−1).
Therefore, the domain wall sattering in a LL gives rise to
a temperature-dependent resistane. For D > 1, the re-
sistane vanishes as a power law when T → 0; for D < 1,
it diverges in the limit T → 0. The LL behavior is ut o
at a temperature T ∗ ∼ vF /L, below whih the transport
is dominated by the Fermi Liquid leads.
10
This an be
understood as follows. The domain wall is known to in-
due long-ranged spin density osillations in the eletron
gas.
7
Similarly to what happens with harge density os-
illations reated by non-magneti impurities,
12
the sat-
tering by these spin density osillations diverges at low
ω in one dimension. As a result, the eletrons are totally
reeted by the wall.
Finally, let us estimate the exponent in the partiular
ase of the Hubbard model.
13
Due to the absene of SU(2)
symmetry, we annot take Ks = 1 as usual. Instead,
the parameters Kc and Ks depend impliitly on ζ. To
lowest order in ζ, Ks ≈ 1 +
[
2 ln
(
ζ−1
)]−1
. Note that
this orretion has a lower order dependene on ζ than
the expliit one (order ζ2) in Eq. (11). Furthermore,
a nite polarization makes Ks > 1 and so pushes the
model into the insulating region of the phase diagram.
For small U , Kc ≈ 1 − aU/2πvF + O (ζ), where U is
the on-site repulsion and a is the lattie spaing. Then,
D ≈ 1 − aU/4πvF −
[
4 ln
(
ζ−1
)]−1
. As an experimental
test of this theory, one should look for the dependene
of the resistane exponent on the polarization ζ of the
underlying system of arriers.
In onlusion, we have shown that the domain wall
sattering in a Luttinger Liquid is the magneti analogue
of the Kane-Fisher problem. Just as a non-magneti im-
purity, a domain wall breaks the translation symmetry of
the eletron gas. The 2kF mode of the wall gives rise to
a spin-ip baksattering term whih is relevant for re-
pulsive interations. In this ase, the magnetoresistane
diverges as a power law in the limit of zero temperature.
By applying magneti elds one an insert or remove a
single domain wall and then swith between a spin-harge
insulator and a Luttinger Liquid with perfet ondu-
tane. This should be relevant in view of the quest for
systems exhibiting large magnetoresistane.
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